In the present paper, the notion of generalized (r; g, s, m, ϕ)-preinvex function is applied to establish some new generalizations of Ostrowski type integral inequalities via Caputo k-fractional derivatives. At the end, some applications to special means are given.
Introduction and preliminaries
The following notations are used throughout this paper. We use I to denote an interval on the real line R = (−∞, +∞) and I
• to denote the interior of I. For any subset K ⊆ R n , K
• is used to denote the interior of K. R n is used to denote a n-dimensional vector space. The set of continuous differentiable functions of order n on the interval [a, b] is denoted by C n [a, b]. The following result is known in the literature as the Ostrowski inequality (see [30] One can note that Γ k (α + k) = αΓ k (α).
For k = 1, (1.4) gives integral representation of gamma function. Definition 1.6. For k ∈ R + and x, y ∈ C, the k-beta function with two parameters x and y is defined as
For k = 1, (1.5) gives integral representation of beta function.
Theorem 1.7. Let x, y > 0, then for k-gamma and k-beta function the following equality holds: 
(1.8)
If α = n ∈ {1, 2, 3, . . .} and usual derivative of order n exists, then Caputo fractional derivative c D α a+ f (x) coincides with f (n) (x). In particular we have
where n = 1 and α = 0. In the following we recall Caputo k-fractional derivatives.
. The Caputo k-fractional derivatives of order α are defined as follows:
dt, x > a (1.10)
The aim of this paper is to establish some generalizations of Ostrowski type inequalities using new integral identity given in Section 2 for generalized (r; g, s, m, ϕ)-preinvex functions via Caputo k-fractional derivatives. In Section 3, some applications to special means are establish. In Section 4, some conclusions and future research are given.
Main results
Definition 2.1. (see [17] ) A set K ⊆ R n is said to be m-invex with respect to the mapping η : K × K × (0, 1] −→ R n for some fixed m ∈ (0, 1], if mx + tη(y, mx) ∈ K holds for each x, y ∈ K and any t ∈ [0, 1].
Remark 2.2. In Definition 2.1, under certain conditions, the mapping η(y, mx) could reduce to η(y, x). For example when m = 1, then the m-invex set degenerates an invex set on K.
We next give new definition, to be referred as generalized (r; g, s, m, ϕ)-preinvex function. 
holds for any fixed s, m ∈ (0, 1] and for all x, y ∈ I, t ∈ [0, 1], where
is the weighted power mean of order r for positive numbers f (ϕ(x)) and f (ϕ(y)).
Remark 2.4. In Definition 2.3, it is worthwhile to note that the class of generalized (r; g, s, m, ϕ)-preinvex function is a generalization of the class of s-convex in the second sense function given in Definition 1.2. For g(t) = t, we get the notion of generalized (r; s, m, ϕ)-preinvex function (see [22] ). For r = 1 and g(t) = t, we get the notion of generalized (s, m, ϕ)-preinvex function (see [21] ). Also, for r = 1, g(t) = t and ϕ(x) = x, ∀x ∈ I, we get the notion of generalized (s, m)-preinvex function (see [17] ).
In this section, in order to present some new Ostrowski type integral inequalities for generalized (r; g, s, m, ϕ)-preinvex functions via Caputo k-fractional derivatives, we need the following new interesting lemma to obtain our results. 
, where η(ϕ(b), ϕ(a), m) > 0. Then we have the following equality for Caputo k-fractional derivatives
Proof . Throughout this paper we denote
Integrating by parts, we get
Remark 2.6. Under the same conditions as in Lemma 2.5 for g(t) = t, we get
By using Lemma 2.5, one can extend to the following results. 
, then the following inequality for Caputo k-fractional derivatives holds:
where
Proof . Let 0 < r ≤ 1. From Lemma 2.5, generalized (r; g, s, m, ϕ)-preinvexity of f (n+1) , Minkowski inequality and properties of the modulus, we have
Corollary 2.8. Under the same conditions as in Theorem 2.7, if we choose m = k = r = 1, η(ϕ(y), ϕ(x), m) = ϕ(y) − mϕ(x), ϕ(x) = x, ∀x ∈ I, g(t) = t and f (n+1) ≤ K, we get the following inequality for Caputo fractional derivatives: 
Proof . Suppose that q > 1 and 0 < r ≤ 1. From Lemma 2.5, generalized (r; g, s, m, ϕ)-preinvexity of f (n+1) q , Hölder inequality, Minkowski inequality and properties of the modulus, we have
Corollary 2.10. Under the same conditions as in Theorem 2.9, if we choose m = k = r = 1, η(ϕ(y), ϕ(x), m) = ϕ(y) − mϕ(x), ϕ(x) = x, ∀x ∈ I, g(t) = t and f (n+1) ≤ K, we get the following inequality for Caputo fractional derivatives: m) ], q ≥ 1, then the following inequality for Caputo k-fractional derivatives holds:
Proof . Suppose that q ≥ 1 and 0 < r ≤ 1. From Lemma 2.5, generalized (r; g, s, m, ϕ)-preinvexity of f (n+1) q , the well-known power mean inequality, Minkowski inequality and properties of the modulus, we have
Corollary 2.12. Under the same conditions as in Theorem 2.11, if we choose m = k = r = 1, η(ϕ(y), ϕ(x), m) = ϕ(y) − mϕ(x), ϕ(x) = x, ∀x ∈ I, g(t) = t and f (n+1) ≤ K, we get the following inequality for Caputo fractional derivatives:
Corollary 2.13. Under the same conditions as in Theorem 2.11 for q = 1, we get Theorem 2.7.
3. Applications to special means Definition 3.1. (see [6] ) A function M : R 2 + −→ R + , is called a Mean function if it has the internality property: min{x, y} ≤ M (x, y) ≤ max{x, y}, ∀x, y ∈ R + .
It follows that a mean M (x, y) must have the property M (x, x) = x, ∀x ∈ R + . Now, let us consider some means for arbitrary positive real numbers α, β (α = β).
The arithmetic mean:
A := A(α, β) = α + β 2 ;
2. The geometric mean: G := G(α, β) = αβ; It is well known that L p is monotonic nondecreasing over p ∈ R with L −1 := L and L 0 := I. In particular, we have the following inequality H ≤ G ≤ L ≤ I ≤ A. Now, let a and b be positive real numbers such that a < b. Consider the function M := M (ϕ(x), ϕ(y)) : [ϕ(x), ϕ(x) + η(ϕ(y), ϕ(x))] × [ϕ(x), ϕ(x) + η(ϕ(y), ϕ(x))] −→ R + , which is one of the above mentioned means and ϕ : I −→ K be a continuous function and g : [0, 1] −→ [0, 1] a differentiable function. Therefore one can obtain various inequalities using the results of Section 2 for these means as follows: Replace η(ϕ(y), ϕ(x), m) with η(ϕ(y), ϕ(x)) and setting η(ϕ(y), ϕ(x)) = M (ϕ(x), ϕ(y)) for value m = 1 and ∀x, y ∈ I in (2.3), one can obtain the following interesting inequalities involving means: 
